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A Low Error and High Performance Multiplexer-Based
Truncated Multiplier
Chip-Hong Chang and Ravi Kumar Satzoda

Abstract—This paper proposes a novel adaptive pseudo-carry compensation truncation (PCT) scheme, which is derived for the multiplexer based
array multiplier. The proposed method yields low average error among existing truncation methods. The new PCT based truncated array multiplier
outperforms other existing truncated array multipliers by as much as 25%
in terms of silicon area and delay, and consumes about 40% less dynamic
power than the full-width multiplier for 32-bit operation. The proposed
truncation scheme is applied to an image compression algorithm. Due to
its low truncation error, the mean square errors (MSE) of various reconstructed images are found to be comparable to those obtained with full-precision multiplication.
Index Terms—Computer arithmetic, digital multiplier, truncated multiplier, truncation scheme, VLSI design.

I. INTRODUCTION
Multiplication is a fundamental arithmetic operation used pervasively in digital signal processing (DSP) applications like filtering,
convolution, and compression [1]. From VLSI perspective, since a
full-width digital multiplier receives two single precision operands to
produce a double precision output, it greatly benefits from truncation
for applications with a limited-precision datapath. Due to the noteworthy hardware reduction, the dynamic power dissipation can also
be proportionally reduced without having to resort to sophisticated
power reduction techniques.
Several truncation schemes have been proposed for fast digital multipliers [2]–[10]. The schemes proposed in [3] and [4] ignore the least
significant n columns in the partial product (pp) bit matrix obtained
from an n 2 n-bit multiplication. A small amount of additional hardware is added to compensate for the truncation errors. These methods
generally produce high error for the truncated product. The second category of truncation schemes preserves the hardware used to compute
k additional pp bits beyond the ulp of the truncated product [5]–[9]. In
[5], Schulte et al. introduces a constant-correction truncation (CCT)
scheme where a non-zero dc component is added based on specific
values of n and k , to Columns (n 0 1) to (n 0 k) of the pp matrix.
In [6], a data-dependent variable correction truncation scheme (VCT)
is proposed where the most significant pp bits from the (n 0 k 0 1)th
column are stacked over the (n 0 k)th column and a constant bias of
1 is added in Columns (n 0 2) to (n 0 k) [7].
In this paper, we propose a novel truncation scheme for the multiplexer based array multiplier [11]. A brief antecedent of this work was
presented in [10]. The proposed method achieves lower average and
spread of errors by means of an adaptive pseudo carry compensation
and a simple deterministic constant bias that is independent of k . By
exploiting the symmetry of the multiplexer-based array multiplier, the
pp bits generated by the multiplexers in our truncated multiplier can
be accumulated in a carry-save format to further reduce the area and
improve the speed over other truncated array multipliers.
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Fig. 1. Truncated multiplexer matrix for an 8
8-bit multiplier; (= 8)
most significant columns and (= 2) additional columns of multiplexers are
1) column = 5 are replaced
indicated; multiplexers in the (
with AND cells corresponding to the carry signals.

II. NEW TRUNCATED MULTIPLICATION SCHEME
The product of two n-bit positive integers X = xn01 xn02 . . . x1 x0
and Y = yn01 yn02 . . . y1 y0 is a 2n-bit product P = XY . In [7],
the numbers are assumed to be fractional in their error analysis and
the inputs and output are scaled by a factor of 20n and 202n , respectively. For multiplexer-based array multiplier [11], two new variables
Xn01 = xn02 xn03 1 1 1 x0 and Yn01 = yn02 yn03 1 1 1 y0 are defined
such that
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where Mi = xi 1 Yi + Xi 1 yi . Mi can be implemented as a multiplexer
with xi and yi as select signals. Mi = 0, Xi , Yi and Xi + Yi when
xi yi = \00", “01”, “10” and “11”, respectively. (1) can be realized by
a multiplexer array shown in [11, Fig. 3]. Without loss of generality,
our proposed truncated scheme can be explained with the help of a
truncated multiplexer matrix of Fig. 1 with n = 8 and k = 2, where
k is the number of partial product (pp) columns to be kept beyond the
width, n of the truncated product. Using VCT scheme, the multiplexers
from Column 5 (i.e., n 0 k 0 1) will be stacked on Column 6 (i.e.,
n 0 k ). However, the product bit in Column 6 is dependent on the
carry’s generated from Column 5 into Column 6 rather than the sum
of its pp bits. Directly stacking the pp bits of Column 5 onto Column 6
can also create excessive error due to the carry propagated into Column
7 (i.e., n 0 k + 1).
From the definition of Mi , if both xi and yi are 1’s, then the sum
of Xi and Yi is selected. If the select signals of all the multiplexers in
Column 5 are 1’s, then the sums of the multiplexer inputs, i.e., s0 , s1 ,
and s2 , are selected. In the worst case, the carry signals, c0 = x0 1 y0 ,
c1 = x1 1 y1 , and c2 = x2 1 y2 are obtained. Our idea is to add the
carry signals generated from the inputs to the multiplexers in the
th
th
(n 0 k 0 1) column to the (n 0 k ) column. The error is reduced as
only the necessary carry’s from the (n 0 k 0 1)th column are added
to the (n0k)th column. The error is still present, though, because of the
assumption that all select signals of the multiplexers in the (n 0 k 0 1)th
are “1”. This approach is, however, closer to the carry propagation in
full-width multiplier as opposed to VCT.
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To minimize the truncation error for an unsigned integer multiplication, a new pseudo-carry compensated truncation (PCT) scheme consisting of an adaptive compensation circuit and a fixed bias is proposed.
Hardware reduction is achieved by retaining only the n + k most significant columns of the multiplexer matrix. The reduction error is adaptively compensated by adding the carry’s that are generated from
the summation of the multiplexer inputs from the (n 0 k 01)th column,
i.e., ci = xi 1 yi for i 2 f0; 1; . . . ; d(n 0 k)=2e 0 1g to the (n 0 k)th
column. The rounding error is compensated by adding a fixed bias of
0.5 LSB, irrespective of the values of n and k . This rounding constant
can be added by simply inserting a “one” in the (n 0 1)th column.
Finally, the n-bit truncated product, Pt , with its least significant bit
weighted 20 , is given by
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where r = n 0 k , Mti = xi 1 Yti + Xti 1 yi , Yti = yi01 yi02 1 1 1 yr0i ,
and Xti = xi01 xi02 1 1 1 xr0i . Mti can be considered as a truncated
expression for Mi with truncated Xti and Yti . In Fig. 1, Mt3 , Mt4 ,
and Mt5 are the truncated multiplexer rows corresponding to M3 , M4 ,
and M5 . It should be noted that Pti of Pt corresponds to Pn+i of the
full-width multiplier’s product, P .
In order to derive the average error of the proposed PCT scheme,
each input bit xi and yi is assumed to have equal probability. The probability that the output of a 2-input AND gate is a “one” is Pa (xi ; yi ) =
Px Py = 0:25. For a 4-to-1 multiplexer, however, the output, f dependent on the select signals, s1 and s2 and the inputs, i1 , i2 , i3 , and
i4 is given by
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Since s1 and s2 are mutually exclusive, if all the data and select signals are equally probable to be 1 or 0, the probability of f being a
“one” is Pf = 0:5. However, this assumption does not hold for the
multiplexers in Fig. 1. Two types of multiplexers with constant inputs
are used. Type-1 multiplexer consists of four data inputs, xi , yi , si ,
and 0, and two select signals, xj , yj in any permutable order. Since
the constant input has a probability of 0, the probability that this multiplexer outputs a “one” reduces to Pf 1 = 0:375. Type-2 multiplexer
comprises four data inputs, 0, 0, 0, and ci , and two select signals, xj
and yj . The data input, ci can be written as ci = xi 1 yi +(xi + yi )1 ci01
and its expected value is given by

Pc

=P + P
0P
= 0:25 + 0:75P 0 0:25 1 0:75P
= 0:25 + 0:5625P :
x 1y

(x +y )1c
c

c

(x 1y )1(x +y )1c
c

(4)

Unrolling the above carry probability equation generates a geometric
progression series with a common ratio of 0.5625. This sum approaches 0.5714 rapidly. Therefore, Pc is assumed an asymptotic
value of 0.5714 and the probability that a type-2 multiplexer outputs
a “one” is Pf 2 = 0:143.
Let 1 and 2 be the pp bits generated respectively by the type-1
and type-2 multiplexers in the ith column of the multiplexer matrix.
If we normalize the weights of the pp bits of the truncated multiplexer
matrix to the ulp of the truncated product so that the LSB of the full-

width product with column index i = 0 is weighted 20n , the expected
values of 1 and 2 are given by

E [1

]= =P 2
E [ ] =  = P 2
(5)
where i 2 f0; 1; . . . ; n 0 k 0 1g. Similarly, the expected value of the
output of an AND gate in the i column is given by
= P 2 8i 2 f0; 1; . . . ; n 0 k 0 1g: (6)
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These expected values can be used to compute the following.
Reduction Error: Elimination of the multipliexers and AND gates
in the least significant n 0 k columns of the multiplexer matrix of
full-width multiplier leads to reduction error. Each even column, except Column 0, has one type-2 multiplexer, one AND gate and some
even number of type-1 multiplexers. Column 0 consists of only an
AND gate. On the other hand, each odd column possesses some odd
number of type-1 multiplexers only. The values of even and odd
depend on the column number, i, where even = odd = di=2e.
The expected value, E (mux1)reduce of the reduction error contributed by neglecting type-1 multiplexers in any even column “i”,
except i = 0 is given by

E (mux1)reduce

=

= 2i

1

even

Pf 1 2i0n :

(7)

Similarly, the expected value of the error due to type-2 multiplexer
and AND gate, E (mux2^)reduce in any even column except column
0 is given by

E (mux2^)reduce

= +
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a
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The expected error for the 0-th column is just equal to and .
Since the ith odd column has odd = di=2e of type-1 multiplexers, the expected error, E (odd)reduce of eliminating the ith odd
column is given by

E (odd)reduce

=

odd

1

= 2i

Pf 1 2i0n

8 odd i:

(9)

From (7)–(9), the total reduction error, Ereduce , due to the elimination
of Columns 0 to n 0 k 0 1 is given by
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8 odd i:

Rounding Error: The expected value of P0 is 0.25 but the expected
value of Pi quickly approaches 0.5 as i increases. Since k is small, a
uniform probability of 0.5 can be assumed for Pn0k to Pn01 . Thus,
the expected value of error, Eround , induced by ignoring the product
bits in the additional k columns is given by

Eround = 0:5

n01

i=n0k

2

i0n

= 0:5

k

j =1

2

0j

:

(11)

Total Error Before Compensation: From (10) and (11), the expected
value of the total error is defined as

Etotal = 0(Eround + Ereduce ):

(12)

The reduction and rounding errors are assumed to be negative. The
correction bias is assumed to be positive to counteract the total error
so that the mean error approaches zero.
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Correction: The carry signals from the (n 0 k 0 1)th column are
added to the (n 0 k)th column. The carry bit is obtained by a logical
AND operation, i.e., c = x 1 y . Hence the probability of c being a “one”
is Pc = Px Py = 0:25. Besides, a correction constant of half-LSB is
added. Thus, the entire compensation has an expected value of

n0k

C = 0:5 +

2 Pc 2 20k :

2

(13)

From (10)–(13), the mean error of the truncated multiplier,
given by

Eavg , is

Eavg = Etotal + C = 0(Eround + Ereduce ) + C:

(14)

For the computation of variance, we assume that the reduction and
rounding errors are independent [5]. This assumption gives an underestimate of the actual variance. For the ith column, where 0 < i < n 0 k ,
2
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In an even column i, except i = 0, the variance is due to di=2e number
of type-1 multiplexers, one type-2 multiplexer and one AND gate,
2
2
2
2
= di=2e1 + 2 + and . For i = 0, the variance is
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2
due to an AND gate, i.e., and . The variance of the reduction error
by eliminating an ith odd columns is contributed by di=2e number of
type-1 multiplexers. So the variance of the total reduction error by
eliminating Columns 0 to n 0 k 0 1 is
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Hence the variance of the total error is given by
2
2
2
total
= round + reduce :

AND

(16)

01

q =0

TABLE I
COMPARISON OF

i=0

The variance of the rounding error is defined as the mean square
difference between the rounding correction constant and the value of
the truncated bits [5]. Rounding correction constant Cround is added to
compensate for the total error and is equal to the difference between
the correction, C and the total reduction error Ereduce
2
round

=2

Fig. 2. Comparison of experimental result histogram for
and
and the Gaussian curve generated from the theoretical mean and variance.

(18)

The error histogram obtained by an exhaustive simulation with all
input combinations of an 8-bit proposed truncated multiplier for k = 2
is shown Fig. 2. The Gaussian curve with the theoretical mean and
variance follows the best-fit Gaussian to the error histogram, which
validate the accuracy of our error analysis.
In Table I, we compare the average errors Eavg and variances  2
of PCT against CCT and VCT for n = 8, 12, and 16 and k = 2,
3, and 4. The architectures for n = 8 were simulated exhaustively
for all possible input vectors. However, for n = 12 and n = 16, an
exhaustive simulation is not feasible and two million pseudo-random
input vectors were generated to simulate these architectures. Besides,
we also compare PCT against the average errors and variances of the
truncation schemes reported in [12] and [13]. The average errors of [13]
are available for n = 8 with k = 1 and k = 2 only. For n = 12 and
16, the average errors were provided in [13] without indicating their k
values. From Table I, the proposed PCT scheme has lower mean and

NA: Not available

variance for most values of n and k and the merit is more significant
for k > 2. In cases where it is inferior, the error magnitudes are still
comparable. Using the same percentage relative average error measure
as in [8] for k = 2, our proposed PCT scheme produces a relative
average error of 2.55% and 1.4% over the direct-truncated structure
for n = 8 and 16, respectively. These values are nearly 4.4 times lower
than the corresponding relative average errors of [8].
III. CS-MUX IMPLEMENTATION OF PSEUDO-CARRY COMPENSATION
TRUNCATED MULTIPLIER
Fig. 3 shows the carry-saved multiplexer (CS-MUX) array implementation of the PCT scheme for n = 8 and k = 2. The outputs from
each row of multiplexers in Fig. 1 are added in a carry-save format
using full adders (FAs) and half adders (HAs). These FAs and HAs
are combined with 4-to-1 multiplexers to give FMUX and HMUX. Except the multiplexer cells in the boundary, cells in the interior of the
carry-save array architecture receive an additional sum signal from a
preceding multiplexer cell. Therefore, HMUX cells are placed at the
boundary and FMUX cells are placed in the interior of the array. The
outputs from the topmost multiplexer and the AND gate in every even
column of the multiplexer matrix in Fig. 1 are summed in an SA cell.
These basic cells are similar to those shown in [11] and are illustrated
in Fig. 3. ripple carry adders (RCAs) are used to add the final sum and
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TABLE II
DELAY-AREA-POWER COMPARISON OF PCT AND VCT

Fig. 3. Unsigned signed PCT multiplier architecture for
with its components HMUX, FMUX, SA.

= 8 and = 2

carry. In addition, the MA cell at the lower left corner of the CS-MUX
architecture is equivalent to a simplified SA cell with one FA and one
HA. The RCA on the left end is substituted by a FOA cell to logically
OR the two carries from the FA and MA cells to produce the MSB,
pt(n01) . The adaptive error compensation is realized by the AND cells
on the top right, and the fixed correction bias is realized with an input
“1” placed on the leftmost HMUX in the first row.
The CS-MUX array implementation can be extended to the signed
PCT multiplication. (1) can be modified to (19) when two n-bit signed
integers X and Y in 2’s complement form are considered, as in [11]

P

= XY =

01

n

(x

i 1

i=0

yi )22i +

02

n

i=1

Mi 2i 0 Mn01 2n01:

(19)

Equations (1) and (19) differ only by the negative Mn01 2n01 . Thus,
the outputs from the last row corresponding to the term, Mn01 are to
be subtracted. To account for the negative Mn01 2n01 , the outputs of
the HMUX cells that lie on the left boundary of Fig. 3 are inverted.
The two “1”s to be added to the (n 0 2)th column of the multiplexer
matrix of Fig. 1 for the subtraction are equivalent to two 0.25 LSBs
for the n-bit normalized truncated product. The correction bias for the
rounding error to be added in the (n 0 1)th column is equivalent to 0.5
LSB of the truncated product. They total up to 1 LSB of the truncated
product. A simple chain of HAs can be used to add this constant “1” to
the LSB of the final truncated product obtained from the row of RCAs
in Fig. 1. The error analysis described in Section II is still valid for the
signed PCT multiplication.
IV. RESULTS AND DISCUSSION
Since the signed PCT multiplier has comparable hardware complexity as its unsigned version, it is sufficient to compare only the
unsigned variants of the truncated multipliers. The architectures were
described using structural VHDL and synthesized and optimized by
Synopsys Design Compiler using the same TSMC 0.18-m CMOS
standard cell library. The input and output loads were set to 0.8 pF
for all designs. The synthesis results of various truncated multipliers
for n = 16 and 32, and k = 2 to 5 are shown in Table II. Our proposed truncated multiplier consumes less silicon area than VCT array
multipliers consistently for all values of n and k . The area savings of
our proposed truncated multiplier for n = 16 varies between 14% to
20% when it is collated with VCT array multiplier. When the input

TABLE III
IMAGE COMPRESSION METRICS

wordlength increases to n = 32, the proposed truncated multiplier
occupies 21% to 28% less area than VCT multiplier. It is worth noting
that PCT multiplier with k = 2 saves 33% and 41.5% of silicon area
over its full-width counterpart for n = 16 and n = 32, respectively,
although their speeds are comparable. In terms of critical path delay,
the proposed PCT multiplier is faster than the VCT array multiplier
by 21% and 27% for n = 16 and 32, respectively. We have also
technology mapped, optimized and simulated the redundant binary
fixed-width multiplier codes for n = 10 provided by the author of
[12] using the same standard cell library and simulation setup. The
architecture of [12] is found to be 13% faster than our PCT multiplier
but consume 65% more area than our design.
The average power dissipations of different architectures were simulated by Synopsys Power Compiler [14] using a Monte Carlo model
[15]. This statistical method provides a good confidence that the estimated average power is bound within a given error [14] without the
need for an exhaustive simulation of all input vectors. Table II shows
the mean dynamic power dissipations with a confidence level of 90%
and an error bound of 3% for 16-bit truncated multipliers and 5% for
32-bit truncated multipliers for 2  k  8. The proposed truncated
multiplier dissipates slightly more dynamic power but no more than 5%
above the VCT truncated multipliers for all n and k . It still consumes
a noteworthy 35% and 42% lower power than its full-width counterpart for n = 16 and 32, respectively. In terms of leakage power, the
proposed PCT multiplier is lower than VCT multiplier by as much as
28%.
The proposed truncated multiplication scheme is applied to a DCTbased image compression algorithm, JPEG [16]. 12-bit multiplications
are used in the compression and decompression operations. Table III
shows the mean square errors (MSE) of three 128 2 128 images with
various compression ratios (CR) obtained by using the full-width (FW)
multiplier and the proposed PCT multiplier with k = 2 and 6. The deviations in peak signal-to-noise ratio (PSNR) are less than 1 dB even
for k = 2. The 12-bit 2’s complement truncated multiplier with k = 2
also saves about 30% area and 14% power over its full-width counterpart at the same speed of operation.
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V. CONCLUSION
The efficiency of digital multiplication can be improved tremendously by truncation methods provided precise outputs are not required
for the operation. This paper proposed a new multiplexer based truncation scheme with lower average and mean square errors than existing
truncation methods. Its VLSI implementation on TSMC 0.18 m technology shows an area reduction over existing truncated array multipliers by at least 14% and 21% in 16- and 32-bit multiplications, respectively. It also runs faster than the VCT multiplier by more than
21% with comparable dynamic power dissipation. When the new truncated multiplication was incorporated into JPEG image compression,
the differences in PSNR of the reconstructed images were within 1 dB
from those obtained with full-precision multiplication.
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